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Abstract
In De Clerck and Delanote (Design Codes Cryptogr. 32 (2004) 103–110), it is shown that if a (0, )-
geometry with 3 is fully embedded in AG(n, q) then it is a linear representation. In this paper, we
classify the (0, 2)-geometries fully embedded in AG(3, q) such that there is at least one planar net.
This result is a ﬁrst and necessary step in the classiﬁcation of (0, 2)-geometries fully embedded in
AG(n, q), which we complete in De Feyter (Adv. Geom., to appear).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
A (0, )-geometryS= (P,B, I) is a connected partial linear space of order (s, t) (i.e.
two points are incident with at most one line, each point is incident with t + 1 (t1) lines,
and each line is incident with s + 1 (s1) points), with the property that for every antiﬂag
(p, L) the number (p, L) of lines ofS through p intersecting L equals 0 or  [4,6].
If the point graph of a (0, )-geometryS is a strongly regular graph, thenS is called a
semipartial geometry spg(s, t, ,) [3]. Here  is the number of vertices adjacent to two
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non-adjacent vertices in the point graph of S. If (p, L) =  for every antiﬂag (p, L)
thenS is called a partial geometry pg(s, t, ) [1]. Every partial geometry is a semipartial
geometry, but not vice versa. A semipartial geometry which is not a partial geometry is
called a proper semipartial geometry. A pg(s, t, t) is called a net of order s + 1 and degree
t + 1.
An incidence structure S = (P,B, I) is said to be fully embedded in an afﬁne space
AG(n, q), n2, if the line setB is a subset of the line set of the afﬁne space, if the point set
P is the set of all points of AG(n, q) on these lines and if for any point-line pair (p, L) of
S we have that pIL if and only if p and L are incident inAG(n, q). We will always assume
that the point set ofS is not contained in a proper subspace of AG(n, q). In this paper, we
will use the term embedding as a shorthand for full embedding.We say thatS has a planar
net if there is a plane  of AG(n, q) such that the incidence structure of points and lines of
S contained in  is a net.
Wewill often identify a subspace of a projective or afﬁne spacewith its point set.The space
at inﬁnity of AG(n, q) will be denoted by ∞, while PG(n, q) will denote the projective
completion of AG(n, q).
In general permutations, collineations, mappings, etc. will be written in exponential
notation. We will make an exception only for o-polynomials [9, Section 8.4] for which the
standard notation is the function notation.
LetS= (P,B, I) be an incidence structure embedded in AG(n, q), n3, and let U be
a proper subspace of AG(n, q) of dimension at least 2. We deﬁne the incidence structure
SU=(PU ,BU , IU), withPU=P∩U, BU={L ∈ B |L ⊂ U} andwith IU the incidence
I restricted toPU andBU .
Lemma 1.1 (De Clerck and Delanote [4]). LetS=(P,B, I) be a (0, )-geometry, > 1,
embedded in AG(n, q), n3, and let U be a proper subspace of AG(n, q) of dimension
at least 2. Then every connected component of SU = (PU ,BU , IU) which contains two
intersecting lines is a (0, )-geometry.
Lemma 1.2 (De Clerck and Delanote [4]). LetS=(P,B, I) be a (0, )-geometry, > 1,
embedded in AG(n, q), n3, and let  be a plane of AG(n, q). Then  is of one of the
following four types:
• type I:  only contains some isolated points ofS.
• type II:  contains a number of parallel lines ofS together with some isolated points.
• type III:S is a planar net of order q and degree + 1.
• type IV:S consists of a pg(q− 1, 1, 2) (i.e. a dual oval with nucleus the line at inﬁnity;
here necessarily q = 2h and = 2) together with some isolated points.
2. Examples of (0, )-geometries embedded in AG(n, q)
(1) Consider AG(3, q), q even. For every oval O∞ of ∞ a (0, 2)-geometryA(O∞) em-
bedded in AG(3, q) without planar nets is constructed in [7]. This geometry has order
(q − 1, q) and is never a semipartial geometry when q = 2.
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(2) In [10] Hirschfeld and Thas, describe an embedding of the Metz semipartial geometry
TQ(4, q) in AG(4, q) for q even. This semipartial geometry has parameters s = q − 1,
t = q2, = 2, = 2q(q − 1).
(3) Let U be a hyperplane of AG(n, q), n2, q = 2h. Choose a basis such that ∞ :
Xn = 0 and U : Xn−1 = 0. Let e ∈ {1, 2, . . . , h − 1} be such that gcd(e, h) = 1,
and let  be the collineation of PG(n, q) such that if p(x0, x1, . . . , xn−1, xn) then
p(x2
e
0 , x
2e
1 , . . . , x
2e
n , x
2e
n−1). PutU∞=U ∩∞ and letK∞ be the set of points ofU∞
ﬁxed by. LetB be the set of afﬁne lines L such that eitherL ⊆ U andL∩∞ ∈K∞
or L intersects U in an afﬁne point p and L intersects ∞ in the point p. LetP be the
set of afﬁne points on at least one line ofB, and let I be the natural incidence. In Section
4 we will show that the incidence structureI(n, q, e)= (P,B, I) is a (0, 2)-geometry
with s = q − 1, t = 2n−1 − 1, which is never a semipartial geometry when q = 2.
(4) A linear representation T ∗n−1(K∞) inAG(n, q) of a setK∞ in ∞ is a (0, )-geometry
if and only ifK∞ spans ∞ andK∞meets every line of ∞ in 0, 1 or +1 points. The
only known examples where T ∗n−1(K∞) is a proper semipartial geometry and > 1 is
when q is a square andK∞ is the point set of aBaer subspace of∞ orn=3, q is a square
andK∞ is a unital. In the ﬁrst case s=q−1, t=
√
qn−1√
q−1 −1, =
√
q, =√q(√q+1).
In the second case s = q − 1, t = q√q, =√q, = q(q − 1).
3. Results on embeddings of (0, )-geometries
All (0, )-geometries, > 1, embedded in a projective space PG(n, q), n> 3, q > 2,
are determined [5,14].
In [13], the partial geometries embedded inAG(n, q) are classiﬁed. In [2], the semipartial
geometries embedded in AG(2, q) and AG(3, q) are classiﬁed. In fact, no proper semipar-
tial geometry can be embedded in AG(2, q), and the proper semipartial geometries with
> 1 embedded in AG(3, q) are just the linear representations of semipartial geometries
mentioned in Section 2.
Theorem 3.1 (De Clerck [4]). LetS be a (0, )-geometry, > 1, embedded inAG(n, q)
such that there are no planes of type IV. Then S is a linear representation of a setK∞
in ∞.
By Lemma 1.2 this result settles the embedding of (0, )-geometries in AG(n, q) for
3. The main problem now is to classify the (0, 2)-geometries embedded in AG(n, q).
Note that most of the examples in Section 2 have indeed = 2.
Proposition 3.2. LetS= (P,B, I) be a (0, 2)-geometry embedded inAG(n, 2). ThenP
is an arbitrary set of points spanningAG(n, 2), and any two points are collinear, i.e.S is
a 2− (t + 2, 2, 1) design.
Proof. If three points p1, p2, p3 ofP are such that p1 is collinear to p2 and p2 is collinear
to p3, then since s + 1= = 2 the points p1 and p3 are collinear. By connectedness, this
forces any two points ofS to be collinear. 
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The main result of this paper is the following theorem, the proof of which will be given
in Section 4.
Main Theorem. LetS be a (0, 2)-geometry embedded inAG(3, q), q = 2, such that there
is a planar net. ThenS=I(3, q, e) orS is a linear representation of a setK∞ in ∞.
In [7,8] we prove thatA(O∞) is the only (0, 2)-geometry embedded in AG(3, q), q =
2, such that there are no planar nets. This means that the (0, 2)-geometries embedded in
AG(3, q) are classiﬁed. We use this classiﬁcation in [6] to prove by an induction argument
that ifS is a (0, 2)-geometry embedded in AG(n, q), q = 2, n3, thenS=I(n, q, e),
orS is a linear representation of a setK∞ in ∞, or n = 3 andS =A(O∞), or n = 4
andS=TQ(4, q). As a corollary it then follows that ifS is a proper semipartial geometry
with > 1 embedded in AG(n, q), thenS is a linear representation of a setK∞ in ∞ or
n= 4 andS= TQ(4, q).
4. Afﬁne (0, 2)-geometries containing a planar net
Theorem 4.1. The geometryI(n, q, e) is a (0, 2)-geometry of order (q − 1, 2n−1 − 1).
Proof. First let n = 2. Then U and ∞ are lines of PG(2, q). The line set of I(2, q, e)
is the set of lines of AG(2, q) having dual coordinates [1, x2e , x], x ∈ GF(q), together
with the line U [0, 1, 0]. Since gcd(e, h)= 1 this is a dual oval with nucleus the line ∞, so
I(2, q, e) is a (0, 2)-geometry of order (q − 1, 1).
Now let n3. From the deﬁnition of I(n, q, e) in Section 2 it follows that the set
K∞ = {(0, 1, . . . , n−2, 0, 0) | i ∈ GF(2), 0 in − 2}. SoK∞ is the point set of a
projective subgeometry PG(n − 2, 2) ⊆ U∞. PutS =I(n, q, e). NowSU is the linear
representation of K∞ in U. Since a linear representation in AG(m, q) of a set K′∞ is
connected if and only if K′∞ spans the space at inﬁnity of AG(m, q) (see for example
[11, Section 2.3]), and sinceK∞ spans U∞,SU is connected. Since every point ofS is
collinear with at least one point ofSU ,S is connected.
Next, we prove that (p, L)=0 or 2 for every antiﬂag (p, L) ofS by proving that every
plane  ofAG(n, q) is of type I, II or IV, or of type III and containing three parallel classes
of lines. If  ⊆ U then this is so since the line ∩ ∞ intersectsK∞ in 0, 1 or 3 points. If
U is parallel to U then  contains no lines ofS, so is of type I. Now suppose that ∩U
is an afﬁne line L, and let  ∩ ∞ = L∞. Put p∞ = L ∩ ∞. If p∞ ∈K∞ and L = L∞
then similarly to the case n= 2 one can check that the lines ofS in  form a dual oval with
nucleus L∞, so  is of type IV. If p∞ ∈K∞ and L = L∞ then L is the only line ofS in
, so  is of type II. If p∞ /∈K∞ then L is not a line ofS. Also L is skew to L and since
every line ofS intersectingU in an afﬁne point of L also intersects L, there is at most one
line ofS in , so  is of type I or II. So (p, L)= 0 or 2 for every antiﬂag (p, L) ofS.
It is well known that a connected incidence structure in which two distinct points are
incident with at most one line and (p, L) equals 0 or a constant > 1 for every antiﬂag
(p, L), always has an order (see for example [5]). SoS has an order (s, t). The number of
points on a line ofS is q and the number of lines through a point ofS in U is |K∞ | +
1= 2n−1. Hence (s, t)= (q − 1, 2n−1 − 1). 
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LetS be a (0, 2)-geometry embedded in AG(n, q). We say that a point p∞ ∈ ∞ is a
hole if no line ofS intersects ∞ in p∞. For a point p ofS we deﬁne p to be the set of
points at inﬁnity of the lines ofS through p.
Lemma 4.2. LetS be a (0, 2)-geometry embedded inAG(n, q). Then for every point p of
S, p spans ∞.
Proof. Suppose that p is a point of S such that p does not span p. Then all lines of S
through p are contained in a hyperplane U. But this implies by Lemma 1.1 and sinceS is
connected thatS is contained in U, a contradiction. 
Lemma 4.3. LetS be a (0, 2)-geometry embedded inAG(3, q) and having a planar net.
If p is a point of S not in a plane  of type III, then the number of lines of S through p
which intersect  in an afﬁne point is even.
Proof. This follows easily from the fact thatS is a (0, 2)-geometry. 
Lemma 4.4. Let S be a (0, 2)-geometry of order (q − 1, t) embedded in AG(3, q) and
having a planar net. If t is even then any plane parallel to a plane of type III is either a plane
of type II without isolated points or a plane of type III. If t is odd then any plane parallel to
but different from a plane of type III is either a plane of type I or a plane of type IV.
Proof. Let  be a plane of type III. Then by Lemma 4.3 the parity of the number of lines
ofS through a point p ofS and parallel to  is constant for all points p /∈ ofS. From
this the lemma follows. 
Theorem 4.5. Let S = (P,B, I) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q), q = 2, and having a planar net. If t is even thenS is a linear representation of
a setK∞ in ∞.
Proof. First, we will prove that every plane parallel to a plane of type III is itself of type III,
and then we will show that no plane of AG(3, q) is of type IV, which implies by Theorem
3.1 thatS is a linear representation of a setK∞ in ∞.
Let 1 be a plane of type III and let 2 be a plane parallel to but different from 1.
Suppose that 2 is not of type III. Then from Lemma 4.4 it follows that 2 is a plane of type
II, and that 2 contains no isolated points ofS. Let  be the number of lines ofS in 2.
By counting the number of lines ofS intersecting both 1 and 2 in an afﬁne point, we get
that q2(t − 2)=qt . From this it follows that t | 2q.
Now let x∞, y∞ and z∞ denote the points at inﬁnity of the 3q lines ofS in 1, and let u∞
denote the point at inﬁnity of the lines ofS in 2.We may assume that x∞ = u∞ = y∞.
Then we show that every line of S through x∞ or y∞ lies in the plane 1. Suppose that
there is a line L ∈ B through x∞, say, which is not contained in 1. Every plane through
L not parallel to 1 intersects 1 in a line of S and hence, since it contains two parallel
lines, it is of type II or III. Suppose that there is a plane 3 of type III through L, not parallel
to 1. Then the line 2 ∩ 3 is a line ofS, a contradiction since this line intersects ∞ in
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the point x∞ and 2 contains only lines of S through u∞. So every plane through L not
parallel to 1 is of type II. But this contradicts Lemma 4.2. It follows that every line ofS
through x∞ or y∞ lies in 1.
Denote by  and ′ two arbitrary parallel planes which intersect 1 in two lines of S
through x∞. Suppose that  is of type II and that ′ is of type IV. Since every line of S
through x∞ lies in 1,  contains exactly one line ofS. Let 3 be a plane parallel to but
different from 1. If 3 is of type III then all points on the lines ∩3 and ′ ∩3 are points
ofS. If 3 is of type II then this plane contains, say,′ lines ofS, which intersect ∞ in
a point other than x∞, but 3 contains no isolated points (Lemma 4.4). So the lines  ∩ 3
and ′ ∩ 3 both contain′ points ofS. From this it follows that the numbers of points of
S in  and ′ are equal. Denote this number by n. Then by counting the number of lines of
S which intersect  and ′ in afﬁne points we get that
qt + (n− q)(t + 1)= 12q(q + 1)(t − 1)+ (n− 12q(q + 1))(t + 1).
From this it follows that q=q(q+1), a contradiction. So if a plane through x∞ not parallel
to 1 is of type II then no plane parallel to this plane is of type IV.
Let L, respectively,M, be a line of 1 through x∞, respectively, y∞. Then since every line
ofS parallel to L, respectively,M, lies in the plane 1, every plane through L, respectively,
M, but different from 1 is of type II or IV. Since there is at least one line of S which
intersects L, respectively, M, but is not contained in 1, there is at least one plane of type
IV through L, respectively, M. On the other hand the number of planes of type IV through
L, respectively, M, is equal to t − 2. Since this number is at most q, since t | 2q and since
by assumption q = 2 we get that tq. Hence there is at least one plane of type II through
L, respectively, M. Now let  be a plane of type II through L and let ′ be a plane of type
IV through M. From the preceding paragraph it follows that every plane parallel to  is of
type II. But then since every plane parallel to  is of type II and contains a line through x∞,
all points of the line L∞ at inﬁnity of , except x∞, are holes. On the other hand, since ′
is a plane of type IV, none of the points of the line L′∞ at inﬁnity of ′ is a hole. So we ﬁnd
a contradiction, and every plane parallel to a plane of type III is of type III.
For every plane  of type III we deﬁne P∞() to be the set of the three points at inﬁnity
of the lines ofS in .
Let 0 be a plane of type III. Let L∞ be the line at inﬁnity of 0. Then every plane of
AG(3, q) through L∞ is of type III. We will prove that for any two planes  and ′ of
AG(3, q) through L∞ the sets P∞() and P∞(′) are the same.
Let p∞ ∈ L∞ and suppose that there are afﬁne planes  and ′ through L∞ such that
p∞ ∈ P∞() ∩ P∞(′). This means that the q afﬁne lines of  respectively ′ through
p∞ are lines of S. Let L be a line of S in  through p∞. Then every plane through L
different from  contains two parallel lines ofS, hence is of type II or III. But since there
is at least one line ofS intersecting L and not contained in , there is at least one plane of
type III through L other than . Hence for every afﬁne plane ′′ through L∞ we have that
p∞ ∈ P∞(′′).
Now, since 3q >q + 1 there exist two planes  and ′ through L∞ such that P∞() ∩
P∞(′) = ∅. Let p1∞ ∈ P∞() ∩ P∞(′). Then p1∞ ∈ P∞(′′) for every plane ′′ of
AG(3, q) through L∞. Similarly, since 2q >q there exist two planes  and ′ through
L∞ such that (P∞() ∩ P∞(′))\{p1∞} = ∅. Let p2∞ ∈ (P∞() ∩ P∞(′))\{p1∞}. Then
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p2∞ ∈ P∞(′′) for every plane ′′ of AG(3, q) through L∞. Finally, since q >q − 1 there
exist two planes  and ′ through L∞ such that P∞() = P∞(′). Let p3∞ be the unique
point of P∞()\{p1∞, p2∞}. Then p3∞ ∈ P∞(′′) for every plane ′′ of AG(3, q) through
L∞. Hence for any afﬁne plane  through L∞ we have that P∞() = {p1∞, p2∞, p3∞}. As
a consequence every point of L∞ except p1∞, p2∞ and p3∞ is a hole.
Suppose that there exists a plane  of type IV. Then the line M∞ =  ∩ ∞ contains
no holes, so it intersects L∞ in p1∞, p2∞ or p3∞. But then  contains q parallel lines ofS,
which is impossible. So there are no planes of type IV. By Theorem 3.1 this implies thatS
is a linear representation of a setK∞ in ∞. 
Lemma 4.6. Let S = (P,B, I) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q), q = 2, and having a planar net. If t is odd then q is even, t = 3, there is a unique
plane 0 of type III and every plane parallel to 0, but distinct from 0, is of type I.
Proof. Let 0 be a plane of type III, and let 1 = 0 be a plane parallel to 0. By Lemma
4.4, 1 is of type I or IV. We will show that 1 is of type I. Suppose that 1 is of type IV.
Then we show that for every plane  of type III at least one plane parallel to  is of type IV.
The number of lines ofS which intersect 0 in an afﬁne point is equal to (t − 2)q2, and
the number of lines ofS contained in 0 is equal to 3q. Since 1 contains q + 1 lines of
S, we have that |B | > 3q + (t − 2)q2. This implies that there is at least one line L ofS
which is parallel to but not contained in , since there are exactly 3q lines ofS contained
in  and exactly (t − 2)q2 lines ofS which intersect  in an afﬁne point. By Lemma 4.4
the plane through L parallel to  is of type IV.
Now, we show that through any line L of S there are at most two planes of type III.
Suppose that three planes , ′ and ′′ through L are of type III. Then there is a plane
′′′ of type IV parallel to ′′. But ′′′ intersects  and ′ in two parallel lines of S, a
contradiction.
Now let L be a line of 1 which is parallel to q lines ofS in 0. Every plane through L
different from 1 contains two parallel lines ofS and hence is of type II or III. Through L
there are at most two planes of type III. By Lemma 4.2 there are lines ofS not contained
in 1 which intersect L in an afﬁne point. So there is at least one plane of type III through L.
Suppose that there is exactly one plane  of type III through L. Then through any point of L
there are exactly four lines ofS, so t = 3. On the other hand through any point of the line
 ∩ 0, there are at least ﬁve lines ofS, a contradiction. So there are exactly two planes 
and ′ of type III through L. Let ′′ be any plane parallel to but different from 0 and 1.
Then ′′ contains two parallel lines ofS. But this contradicts Lemma 4.4 and hence 1 is
of type I. We conclude that every plane parallel to but different from a plane of type III, is
of type I.
Let L∞ = 0 ∩ ∞ and, using the notation of the proof of Theorem 4.5, let P∞(0) =
{x∞, y∞, z∞}. Since every plane parallel to0 is of type I, every point ofL∞ except x∞, y∞
and z∞ is a hole.
Let L be a line ofS in 0. Since every plane parallel to 0 is of type I, every line ofS
parallel to L is contained in 0. This implies that every plane through L, different from 0,
is of type II or IV. Since there is at least one line ofS intersecting L, and not contained in
0, there is at least one plane of type IV through L. This implies that q is even.
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Now letM∞ be any line of ∞ through x∞, but different fromL∞. Then by the preceding
paragraph every plane ofAG(3, q) throughM∞ is of type II or IV. Suppose that every plane
of AG(3, q) through M∞ is of type II. Then, since every plane of AG(3, q) through M∞
contains a line ofS through x∞, every point ofM∞ different from x∞ is a hole. Let L be
a line of 0 through y∞. Then there is at least one plane  of type IV through L. So the
line at inﬁnity N∞ of  contains no holes. But N∞ intersectsM∞ in a point different from
x∞, a contradiction. So there is at least one plane of type IV through the line M∞. As a
consequence no point of ∞\L∞ is a hole.
Let  be a plane of type III. Then every plane parallel to , but distinct from , is of type
I, so M∞ =  ∩ ∞ contains q − 2 holes. Since q4 this implies that M∞ = L∞. Now
from Lemma 4.4 it follows that = 0, so 0 is the only plane of type III.
Finally, let L be a line of S which intersects 0 in an afﬁne point. The planes through
L and x∞, y∞ and z∞ are planes of type IV since they contain two intersecting lines ofS
and since 0 is the only plane of type III. Let  be a plane through L, different from these
three planes. Then  intersects L∞ in a hole, so  is not of type IV. It follows that  is of
type II. Hence, through every point of L there are exactly four lines ofS, so t = 3. 
Theorem 4.7. Let S = (P,B, I) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q), q = 2, and having a planar net. If t is odd, then t=3, q=2h andS=I(3, q, e)
for some e such that gcd(e, h)= 1.
Proof. By Lemma 4.6 we know that t = 3, q = 2h, and that there is exactly one plane 0
of type III. Let L∞ = 0 ∩ ∞ and, using the notation of the proof of Theorem 4.5, let
P∞(0)={x∞, y∞, z∞}. Let L be a line ofS in 0. Then through every point of L there is
exactly one line ofS not contained in 0. Since every plane different from 0 containing
two intersecting lines is of type IV, this implies that through L there is exactly one plane of
type IV.
Let L1 be a line of AG(3, q) in 0 through x∞, and let L2 be a line of AG(3, q) in 0
through y∞. We denote by 1, respectively, 2 the unique plane of type IV through L1,
respectively, L2. Let p0 = L1 ∩ L2 and L0 = 1 ∩ 2. Then L0 is the unique line of S
through p0 not contained in 0.
LetM1 be a line ofS in1, different fromL0 andL1, and let3=〈z∞,M1〉. Since3 does
not contain any of the points x∞, y∞, p0 andL0∩∞, no four planes of {0,1,2,3,∞}
have a point in common. Hence we can choose a basis in PG(3, q) such that 0 : X2 = 0,
1 : X0 = 0, 2 : X1 = 0, 3 : X0 + X1 + X2 + X3 = 0 and ∞ : X3 = 0. It follows that
x∞(0, 1, 0, 0), y∞(1, 0, 0, 0), z∞(1, 1, 0, 0) and p0(0, 0, 0, 1), and that L0 : X0 = X1 =
0, L1 : X0=X2=0, L2 : X1=X2=0, L∞ : X2=X3=0 andM1 : X0=X1+X2+X3=0.
Let f be the permutation of GF(q) such that the set of lines of S in 1 other than L1 is
equal to the set of lines having equations X0 = X1 + f ()X2 + X3 = 0, for every  ∈
GF(q). This is indeed a permutation of GF(q) since the set of lines of S in 1 is a dual
oval with nucleus the line at inﬁnity of 1. Furthermore, the lines L0 : X0 = X1 = 0 and
M1 : X0=X1+X2+X3=0 are lines ofS in 1, so f (0)=0 and f (1)=1. This means that
f is an o-polynomial. (For information about o-polynomials we refer to [9, Section 8.4].)
Let a, b ∈ GF(q)\{0} such that a = b, and let p be the point of 0 having coordinates
p(a, b, 0, 1). Letpy∞1 =py∞∩L1, pz∞1 =pz∞∩L1, px∞2 =px∞∩L2 andpz∞2 =pz∞∩L2.
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Finally, let Ly∞1 , respectively, L
z∞
1 , L
x∞
2 , L
z∞
2 , be the unique line of S through p
y∞
1 , re-
spectively, pz∞1 , p
x∞
2 , p
z∞
2 , not contained in 0. One can easily verify that p
y∞
1 (0, b, 0, 1),
p
z∞
1 (0, a + b, 0, 1), px∞2 (a, 0, 0, 1) and pz∞2 (a + b, 0, 0, 1). Furthermore, since Ly∞1 and
L
z∞
1 are lines ofS in 1 we have that
L
y∞
1 : X0 =X1 + f (b)X2 + bX3 = 0,
L
z∞
1 : X0 =X1 + f (a + b)X2 + (a + b)X3 = 0.
Consider the non-incident point-line pair (pz∞2 , L
z∞
1 ). The line pz∞ is a line ofS through
p
z∞
2 which intersectsL
z∞
1 , so there is a second line through p
z∞
2 which intersectsL
z∞
1 . This
second line must necessarily be the line Lz∞2 . But the line L
z∞
2 lies in the plane 2 since 2
is the unique plane of type IV through L2. Hence, Lz∞2 contains the point L
z∞
1 ∩ 2 having
coordinates (0, 0, a + b, f (a + b)). This means that the line Lz∞2 has equation
L
z∞
2 : X1 =X0 + f (a + b)X2 + (a + b)X3 = 0.
Let r =px∞2 z∞∩L1 and letM be the unique line ofS through r not contained in 0. Then
r(0, a, 0, 1) andM : X0=X1+f (a)X2+aX3=0. Consider the non-incident point-line pair
(p
x∞
2 ,M). Then by an argument similar to the above,L
x∞
2 contains the pointM∩2. Hence
L
x∞
2 : X1 =X0 + f (a)X2 + aX3 = 0.
Denote the unique line ofS through p not contained in 0 by L. Consider the non-incident
point-line pair (p, Ly∞1 ), respectively, (p, L
z∞
1 ), (p, L
x∞
2 ), (p, L
z∞
2 ). The line py∞, re-
spectively, pz∞, px∞, pz∞, is a line of S through p intersecting L
y∞
1 , respectively,
L
z∞
1 , L
x∞
2 , L
z∞
2 . This means that there is a second line through p intersecting L
y∞
1 , re-
spectively, Lz∞1 , L
x∞
2 , L
z∞
2 . This second line must necessarily be the line L. We conclude
that L contains the points p1=Ly∞1 ∩Lz∞1 having coordinates p1(0, bf (a+b)+f (b)(a+
b), a, f (b)+f (a+b)) and p2=Lx∞2 ∩Lz∞2 having coordinates p2(af (a+b)+f (a)(a+
b), 0, b, f (a)+ f (a + b)). So the points p, p1 and p2 are collinear. One can verify using
the coordinates of p, p1 and p2 that this implies that f (a + b) = f (a) + f (b). Hence
f (a + b) = f (a) + f (b) for every a, b ∈ GF(q)\{0} such that a = b. Trivially, this also
holds if ab = 0 or if a = b. So f : GF(q) → GF(q) is an additive o-polynomial. Now by
12.2.3 of Payne and Thas [12], there is an integer e such that gcd(e, h)= 1 and f (x)= x2e
for every x ∈ GF(q).
Let  be the collineation of PG(3, q) which maps a point p(x0, x1, x2, x3) to the point
p(x2
e
0 , x
2e
1 , x
2e
3 , x
2e
2 ). Let K∞ denote the set of points of L∞ = 0 ∩ ∞ which are
ﬁxed by . Then since gcd(e, h) = 1 we have thatK∞ = {x∞(0, 1, 0, 0), y∞(1, 0, 0, 0),
z∞(1, 1, 0, 0)}.
Let p(a, b, 0, 1) be an arbitrary afﬁne point of 0. Then there are four lines ofS through
p: the three lines through p and an element ofK∞, and a line Lwhich is not contained in 0.
If a = 0 or ab(a + b) = 0 then we already know the line L from the preceding paragraphs,
and it turns out that L ∩ ∞ = p(a2e , b2e , 1, 0). If a = 0 and b(a + b) = 0 then using
arguments similar to those used above one can also verify that L∩∞=p(a2e , b2e , 1, 0).
Now it is clear thatS=I(3, q, e). 
Theorems 4.5 and 4.7 prove our main result.
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